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Abstract: We present a Fisher information study of the statistical impact of galaxy bias
and selection effects on the estimation of key cosmological parameters from galaxy redshift
surveys; in particular, the angular diameter distance, Hubble parameter, and linear growth
rate at a given redshift, the cold dark matter density, and the tilt and running of the primordial
power spectrum. The line-of-sight-dependent selection contributions we include here are
known to exist in real galaxy samples. We determine the maximum wavenumber included
in the analysis by requiring that the next-order corrections to the galaxy power spectrum or
bispectrum, treated here at next-to-leading and leading order, respectively, produce shifts of
. 0.25σ on each of the six cosmological parameters. With the galaxy power spectrum alone,
selection effects can deteriorate the constraints severely, especially on the linear growth rate.
Adding the galaxy bispectrum helps break parameter degeneracies significantly. We find
that a joint power spectrum-bispectrum analysis of a Euclid-like survey can still measure
the linear growth rate to 10% precision after complete marginalization over selection bias.
We also discuss systematic parameter shifts arising from ignoring selection effects and/or
other bias parameters, and emphasize that it is necessary to either control selection effects at
the percent level or marginalize over them. We obtain similar results for the Roman Space
Telescope and HETDEX.
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1 Introduction
Cosmological perturbation theory has been extremely successful in explaining cosmic struc-
tures on large scales (that is, in the linear regime), including temperature anisotropies and
polarization of the cosmic microwave background (CMB) and statistics of the large-scale dis-
tribution of galaxies (large-scale structure, LSS). Combined with rich observational datasets
[1–4], it allows us to measure most cosmological parameters in the concordance Λ-cold dark
matter (ΛCDM) model to better than 1% accuracy. In the case of LSS, going beyond the
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linear regime is expected to provide significant improvements in parameter constraints, specif-
ically on the expansion history, growth rate of cosmic structures, statistical properties of the
initial fluctuations, and mass of neutrinos.
In practice, besides the weak gravitational lensing tomography, the three-dimensional
distribution of LSS can only be observed indirectly from observations of biased LSS tracers,
such as galaxies, clusters of galaxies, or the intensity mapping of emission lines, for example
Lyman-α or 21 cm. For a review of nonlinear perturbation theory techniques in LSS see [5]
and for a review of galaxy bias see [6]. Furthermore, observations are made in redshift space
(that is, inferring the distances by observed spectral shift) and in general involve line-of-sight
dependent selection effects. The latter are particularly important for observables based on
resonance lines, such as the Lyman-α forest, where the probability of detecting an emitted
photon depends in particular on the velocity gradient along the line of sight [7–9]. The
selection effect, however, can also be relevant for galaxies selected on photometric properties.
For example, galaxies tend to align with large-scale tidal fields, and the flux and thus selection
of galaxies in general depends on their orientation with respect to the line of sight [10–13].
Such selection effects are not included in the standard bias expansion [6].
Building on significant work in the literature over the past 20 years, a complete description
of the observed galaxy statistics, including all physical effects mentioned above, has finally
been assembled recently. In [14] a few of us found, using an effective field theory (EFT)
approach (see [15] for a review) to generate all possible perturbative contributions [16–20],
that selection effects come in as various counterterms required to consistently renormalize
observables such as the redshift-space power spectrum and bispectrum. As a result, a complete
description of the galaxy power spectrum at 1-loop order and the galaxy bispectrum at tree-
level requires a total of 22 parameters, that include (i) 5 galaxy bias parameters and 5 rest-
frame stochastic amplitudes, (ii) 9 selection parameters, and (iii) 3 velocity bias parameters,
one of which is due to selection and one is a stochastic parameter.
Selection effects can be degenerate with cosmological parameters. For example, the pa-
rameter bη (defined in section 2) is perfectly degenerate with the linear Kaiser effect [21]. As
a consequence, the leading-order galaxy power spectrum alone cannot be used to constrain
the linear growth rate f(z). The 1-loop contribution to the galaxy power spectrum and the
tree-level galaxy bispectrum, on the other hand, show much richer wavevector dependences
which may break the degeneracies amongst various bias parameters. At the same time, these
higher-order contributions come with the price of including the aforementioned 22 bias pa-
rameters that need to be marginalized over. The goal of this paper is to quantify the extent
to which selection effects degrade cosmological constraints, how the galaxy bispectrum helps
in mitigating degeneracies, and how parameter constraints shift in the presence of model
systematics. We focus on measurements of the following six cosmological parameters: the an-
gular diameter distance DA(z) to galaxies at redshift z, Hubble expansion rate H(z), current
CDM density Ωc0, linear growth rate f(z), and tilt ns and running nrun of the primordial
power spectrum.
We construct a Fisher information matrix in the 22 parameters that describe the galaxy
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distribution and the six cosmological parameters. We determine the largest wavenumbers
kmax that can be used in the galaxy power spectrum and bispectrum measurements from the
requirement that the next-order perturbative contributions neglected in our model (that is,
the 2-loop galaxy power spectrum and 1-loop galaxy bispectrum) do not systematically bias
the best-fit values of any of the six cosmological parameters by more than 0.25σ.
Summary of results
Ignoring selection effects we find that, for a Euclid-like survey [22] with mean redshift z = 1.4,
the linear growth rate is weakly degenerate with other model parameters and can be measured
at the few-percent level from the 1-loop galaxy power spectrum alone. Adding the tree-level
galaxy bispectrum reduces the uncertainty by about a factor of 4. On including line-of-sight
selection effects, however, we loose all constraining power from the galaxy power spectrum
alone (the marginalized error on f is of the order of f itself). Interestingly, a joint power
spectrum-bispectrum analysis helps alleviate many of the degeneracies with selection effects
and allows us to measure f at the 10% level. We also quantify the extent to which model
parameters shift if the true value of selection biases differ from their fiducial value. For f in
particular, we find that, if the lowest-order selection bias bη is fixed to a value that differs
from the true value by only 4%, the growth rate inferred from the power spectrum alone is
systematically biased by & 1σ. Upon including the bispectrum, even a ∼ 1% systematic error
in bη can induce a 1σ shift if the parameter is fixed. We obtain similar results for the Roman
Space Telescope1 [23] and HETDEX [24].
The paper is organized as follows. We briefly review nonlinear matter clustering, galaxy
bias, and selection effects in section 2 and summarize the expressions for the 1-loop galaxy
power spectrum and tree-level galaxy bispectrum including selection effects in section 3. In
section 4 we set up the Fisher matrix and parameter shifts calculations. In section 5 we present
the results of our Fisher analysis for Euclid, the Roman Space Telescope, and HETDEX. We
conclude in section 6. In the first two appendices we summarize the calculation of Fisher
matrix elements for the six cosmological parameters considered here and in the third appendix
we detail the Fisher results for Euclid.
2 Large-scale galaxy distribution
This section provides a succinct overview of the perturbative approach to describing the non-
linear distribution of the matter and galaxy density fields. We will ignore baryon-CDM rela-
tive density and velocity perturbations, combining both components into a single matter com-
ponent, and assume Gaussian initial conditions (ignoring any primordial non-Gaussianity).
We will further include the effect of massive neutrinos only through the linear matter power
spectrum. We denote the matter overdensity as δ(x, τ) = ρ(x, τ)/ρ¯(τ) − 1, where (x, τ) are
1Formerly known as the Wide-Field InfraRed Space Telescope (WFIRST).
– 3 –
conformal coordinates and ρ is the total matter density, with ρ¯ its homogeneous part. The
nonlinear equations that govern the evolution of matter can be obtained by taking moments
of the collisionless Boltzmann equation [5, 25]; the zeroth- and first-order velocity moments
give the continuity and Euler equations,
∂δ(x, τ)
∂τ
+ ∂i
[{1 + δ(x, τ)}vi(x, τ)] = 0 , (2.1)
∂vi(x, τ)
∂τ
+H(τ)vi(x, τ) + vj(x, τ)∂jvi(x, τ) = −∂iφ(x, τ) , (2.2)
where v(x, τ) = dx/dτ is the peculiar velocity of the fluid, φ is the gravitational potential,
H ≡ aH is the conformal Hubble parameter, and the indices i, j run over spatial components.
Repeated indices imply summation. The Poisson equation relates the gravitational potential
and matter fluctuations. This allows us to express the tidal shear as
Π
[1]
ij (x, τ) ≡
2
3Ωm(τ)H2(τ)∂i∂jφ(x, τ), (2.3)
where Ωm is the matter fraction, and the density as δ = tr Π
[1]. In the Euler equation
above, we have neglected the gradient of the stress tensor on the right-hand side. In an EFT
approach, this term would give rise to a sound speed for the fluctuations, a bulk and shear
viscosity, and a stochastic pressure component [16, 17]. In this paper we will exclusively
consider galaxy statistics. In this case, the EFT parameters for matter can be absorbed into
galaxy bias coefficients. Note that this would change if one were to include the galaxy-matter
cross power spectrum [6].
We can solve eqs. (2.1) and (2.2) perturbatively. Transforming to Fourier space2 and
expanding δ in powers of the linear density fluctuation δL gives
δ(k, τ) =
∞∑
n=1
Dn(τ)
∫
p1
. . .
∫
pn
(2pi)3δD(k − p1...n)δL(p1) . . . δL(pn)Fn(p1, . . . ,pn) , (2.4)
whereD(τ) is the linear growth factor, δD denotes a Dirac δ-function, p1...n = p1+. . .+pn, and
the functions Fn are the symmetrized standard perturbation theory (SPT) kernels, expressions
for which can be found in, for example, [26, 27]. Note that the mean matter overdensity in
real space, calculated from eq. (2.4), vanishes: 〈δ(x, τ)〉 = 0. We have also adhered to the
commonly used assumption here that the kernels are time-independent and can be calculated
in an Einstein-de Sitter Universe; the time-dependence comes in through powers of D(τ),
where D(τ) is calculated for the actual cosmology [5, 28]. This is quite accurate for standard
ΛCDM and quintessence cosmologies [28]. Further, since we assume an irrotational fluid,3 the
2We will use the Fourier convention f(x) =
∫
k
eik·xf
(
k
)
, with the shorthand
∫
k
≡ ∫ d3k
(2pi)3
, throughout
this paper.
3The vorticity induced by nonlinear structure is effectively a third-order term, which enters the bias ex-
pansion via the antisymmetric part ∂{ivj} of the velocity shear. It also appears in the redshift-space galaxy
density by contributing to ∂‖v‖. However, since the curl component of the velocity does not correlate with the
density due to parity invariance, the former only contributes through auto-correlations of cubic operators and
hence is of 2-loop or higher order [20, 29].
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velocity divergence θ = ∇ · v completely specifies the velocity field. The former is similarly
expanded in powers of δL,
θ(k, τ) = −f(τ)H(τ)
∞∑
n=1
Dn(τ)
∫
p1
. . .
∫
pn
(2pi)3δD (k − p1...n) δL(p1) . . . δL(pn)
×Gn(p1, . . . ,pn) , (2.5)
where f(τ) ≡ d lnD/d ln a and expressions for the functions Gn can also be found in, for
example, [27].
Using eq. (2.4) we can now obtain the matter power spectrum and bispectrum, defined
through
〈δ(k, τ)δ(p, τ)〉 = (2pi)3δD(k + p)Pm(k, τ) , (2.6)
〈δ(k1, τ)δ(k2, τ)δ(k3, τ)〉 = (2pi)3δD(k1 + k2 + k3)Bm(k1,k2,k3, τ) . (2.7)
At 1-loop order these are given by
Pm(k, τ) = PL(k, τ) + P
2−2
m (k, τ) + 2P
1−3
m (k, τ) , (2.8)
Bm(k1,k2,k3, τ) = B
LO
m (k1,k2,k3, τ) +B
NLO
m (k1,k2,k3, τ) , (2.9)
with 〈δL(k)δL(p)〉 = (2pi)3δD(k + p)PL(k, τ)/D2(τ),
P 2−2m (k, τ) = 2
∫
p
PL(p, τ)PL(|k − p|, τ) [F2(p,k − p)]2 , (2.10)
P 1−3m (k, τ) = 3PL(k, τ)
∫
p
PL(p, τ)F3(p,−p,k) , (2.11)
and
BLOm (k1,k2,k3, τ) = 2PL(k1, τ)PL(k2, τ)F2(k1,k2) + 2 perm. , (2.12)
BNLOm (k1,k2,k3, τ) = B
222
m +B
321,I
m +B
321,II
m +B
411
m , (2.13)
where LO and NLO stand for leading-order and next-to-leading-order, the permutations refer
to cyclic permutations in (k1,k2,k3), and we refer the reader to [5] for explicit expressions
of components of the 1-loop bispectrum. In the following sections we will suppress the time-
dependence of quantities introduced in this section.
We now turn to the galaxy density field, beginning with the density in the galaxy rest-
frame, that is, ignoring redshift-space distortions (RSDs) or selection effects. Following the
EFT approach, the galaxy density is expanded via a general bias expansion
δg(x, τ) =
∑
O
[bO(τ) + O(x, τ)] [O](x, τ) + (x, τ) , (2.14)
where the sum runs over a list of operators O (statistical fields) that are successively higher
order in perturbations (and spatial derivatives). Ref. [20] provides a convenient way to con-
struct the complete bias expansion in terms of the density and tidal field, and their convective
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time derivatives, which together comprise the complete set of local gravitational observables,
which we shall use in the following. As we have defined the equations with the renormalized
operators [O], all bias coefficients in eq. (2.14) are observables, instead of the coefficients in
the bare bias expansion [6]. The coefficients bO are the deterministic bias parameters. The
fields  and O are stochastic amplitudes which do not correlate with δm or any of the op-
erators O. Their statistics, which asymptote to constants (white noise) as k → 0 on large
scales, are to be determined from the data, in a similar way as the bO [30]. Ref. [31, 32] have
extracted the stochastic bias parameters from numerical simulations.
Each of the operators in eq. (2.14) has a well-defined associated kernel FO,n at n
th order
in perturbations. This allows us to write the galaxy density in the rest-frame in analogy to
eq. (2.4) as
δg(k, τ) =
∞∑
n=1
Dn(τ)
∫
~q1
. . .
∫
~qn
(2pi)3δD(k − p1...n)δL(p1) . . . δL(pn)F (g)n (p1, . . . ,pn)
+ stochastic terms , (2.15)
where the galaxy kernels F
(g)
n now also depend on various bias parameters.
So far, we have included all local gravitational observables from the point of view of an
observer in a given galaxy. These do not make reference to the line of sight nˆ that connects us
to the galaxy. However, the number of galaxies we observe can depend on additional quantities
depending on the details of how they are selected. For example, for galaxy surveys with a
fixed depth, the galaxy selection function depends on all physical conditions affecting the
observed line flux from each galaxy. In particular, the photon escape fraction is determined
by the optical depth along the line of sight, which is a strong function of, among others, the
column density of the absorber and the velocity gradient along the line of sight. In this case,
one should expect an additional dependence on the velocity gradient projected along the line
of sight [7–9],
η ≡ ∂‖u‖ , (2.16)
where u = v/H and the subscript ‖ stands for the line-of-sight component; for example,
∂‖ ≡ nˆi∂i. A large-scale tidal field may also impact the galaxy detection probability and lead
to a preferred orientation relative to the line-of-sight [10–13], leading to a dependence on
Π
[1]
‖ ≡ Π
[1]
ij nˆ
inˆj , (2.17)
which is simply proportional to η at linear order in perturbations.
Such effects can be taken into account fully generally in the EFT approach by allowing
for the line-of-sight to appear as a preferred direction in the bias expansion. The complete
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set of corresponding terms up to third order was presented in [14],
selection: 1st Π
[1]
‖ ,
2nd tr(Π[1])Π
[1]
‖ , (Π
[1]Π[1])‖ ,
(
Π
[1]
‖
)2
, Π
[2]
‖ ,
3rd Π
[1]
‖ tr(Π
[1]Π[1]) ,Π
[1]
‖ (tr(Π
[1]))2 , (Π[1]Π[1])‖ tr(Π[1]) , (Π[1]Π[1]Π[1])‖ ,(
Π
[1]
‖
)2
tr(Π[1]) ,Π
[1]
‖ (Π
[1]Π[1])‖ ,
(
Π
[1]
‖
)3
,
tr(Π[1])Π
[2]
‖ , (Π
[1]Π[2])‖ , Π
[2]
‖ Π
[1]
‖ , Π
[3]
‖ . (2.18)
For n > 1, the tensor Π
[n]
ij is iteratively constructed from Π
[n−1]
ij by applying convective time
derivatives, and starts at nth order in perturbation theory [6, 20]. The subscript ‖ stands for
the line-of-sight component of the tensor as before; for example, (AB)‖ ≡ AijBjknˆinˆk.
Each selection term in eq. (2.18) comes with a bias parameter, and the main goal of
this paper is to explore the quantitative impact of these selection effects on the cosmology
inference from galaxy redshift surveys. The first-order selection term is the most important
one, as we will see that it is completely degenerate with the linear-order contribution from
RSDs. It can be equivalently replaced by η, since η and Π
[1]
‖ are directly proportional at linear
order, while the differences at higher order in perturbations are absorbed by the remaining
bias and selection terms.
In order to transform the galaxy distribution to redshift space we further need an expres-
sion for the galaxy velocity. As argued in [18, 20] (also see [33]), the galaxy velocity cannot
differ from the matter velocity by a multiplicative velocity bias. This is due to the equivalence
principle: the relative velocity between galaxies and matter is a local observable and thus can
be expanded in terms of the same fields as appear in the perturbative galaxy bias expansion
itself, such as the matter density field. Then in order to obtain a vector quantity we need
to take a spatial derivative, which shows that velocity bias involves at least two additional
spatial derivatives on the velocity.
The expansion of the galaxy velocity including selection effects was also derived in [14].
Consistently with our higher-derivative expansion for bias and selection contributions, we will
keep only the leading contribution to velocity bias, which can be written as
vg = v + β∇2v∇2v + β∂2‖v∂
2
‖v + εv(x, τ) . (2.19)
Selection effects lead to the third term in eq. (2.19). Following the above arguments, the
stochastic field εv(k) in Fourier space is proportional to k in the low-k limit (we denote
stochastic fields appearing in the galaxy velocity as ε, while those appearing in the density
are denoted as ).
Finally, having described the galaxy bias expansion in the galaxy rest-frame including
selection effects, along with the bias relation for the galaxy velocity field, we can map the
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observed galaxy density into redshift space. The coordinate transformation is given by
xs = x+ u‖nˆ . (2.20)
Using the fact that the galaxy density transforms as the 0-component of a 4-vector, we can
derive the mapping up to third order, to obtain (see, for example, section 9.3.2 of [6])
δg,s = δ
Jac
g + δ
disp
g ,
where δJacg = (1 + δg)
(
1− ηg + η2g
)− η3g − 1 ,
δdispg = − ug‖∂‖δJacg +
1
2
u2g‖∂
2
‖δ
Jac
g + (ug‖∂‖ug‖)∂‖δ
Jac
g ,
ηg = ∂‖ug‖ , (2.21)
and all quantities are evaluated at the same apparent redshift-space spacetime point (xs, τ).
δg is the rest-frame galaxy density (but evaluated at the redshift-space position) containing
the bias and selection contributions listed above. The mapping in eq. (2.21) can be expanded
order by order, thus allowing for a consistent perturbative description of observed galaxy
clustering, as derived in [14, 34–36], to cite a few.
At linear order and on large scales, where ηg = η, eq. (2.21) simply yields δg,s = δg − η.
If selection effects are absent, the η contribution is not degenerate with the bias term in δg,
allowing for a direct constraint on the linear growth rate f . If, on the other hand, selection
effects are present, then η is multiplied by an additional free bias parameter bη, so that we
expect bη and f to be degenerate at linear order (in the following, we will combine both
RSDs and selection effects into combined effective coefficients so that bη = −1 corresponds
to the absence of selection effects). Fortunately, the contributions in δdispg , which start at
second order, do not involve additional free bias parameters since they correspond to the
displacement of the galaxy positions into redshift space which are directly controlled by the
galaxy velocity; they are thus protected by the equivalence principle. We will see that the
bispectrum in particular allows us to break the degeneracy between selection effects and RSDs
via these displacement terms. This is analogous to how the real-space galaxy bispectrum
allows breaking the b1 − σ8 degeneracy; see, for example, [37].
3 Observed galaxy statistics
Given the galaxy density field in redshift space including selection effects, one can compute
the galaxy power spectrum including its NLO or 1-loop correction, as well as the tree-level
galaxy bispectrum. We refer the reader to [14] for details of this calculation and merely
reproduce the results here.
Let µ, µi be the cosines of the angles between k, ki and the line-of-sight. The 1-loop
galaxy power spectrum is given by
Pg,s(k, µ) = P
l+hd
g,s (k, µ) + P
2−2
g,s (k, µ) + 2P
1−3
g,s (k, µ) , (3.1)
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where
P l+hdg,s (k, µ) =
(
b1 − bηµ2f
)2
PL(k) + P
{0}

− 2
{
b1b∇2δ − bηµ2f
(
b∇2δ + b1β∇2v + b1β∂2‖vµ
2
)
+ b2ηµ
4f2
(
β∇2v + β∂2‖vµ
2
)}
k2PL(k)
+ k2P {2} + bηµ
2k2P {2}εη . (3.2)
The 2-2 power spectrum reads
P 2−2g,s (k, µ) =
4∑
n=0
∑
(m,p)
An(m,p)(f, {bO}2−2)Imp(k)µ2n , (3.3)
with {bO}2−2 =
{
b1, b2, bK2 , bη, bΠ[2]‖
, b(KK)‖ , bδη, bη2
}
being the set of linear and second-order
bias parameters. The functions Anmp(f, {bO}2−2) are given in the Mathematica supplement
of [14]. The 1-3 power spectrum is given by
P 1−3g,s (k, µ) =
{
3∑
l=0
5∑
n=1
C1−3,`n (f, {bO}1−3)In(k)L2`(µ)
}
PL(k) , (3.4)
with {bO}1−3 =
{
b1, bK2 , btd, bη, bΠ[2]‖
, b(KK)‖ , bδη, bη2 , bδΠ[2]‖
, b
ηΠ
[2]
‖
, b(Π[2]K)‖ , bΠ[3]‖
}
being the
set of bias parameters that yield nontrivial 1–3-type loop contributions. The functions
C1−3,`n (f, {bO}1−3) are also given in the Mathematica supplement of [14].
The tree-level galaxy bispectrum is given by
BLOg,s (k1, µ1; k2, µ2; k3, µ3) =
[
1
3
B{0} + 2
(
b1 − bηµ22f
) (
b1 − bηµ23f
) ∑
{bO}2−2
bOSO(k2,k3, f)
× PL(k2)PL(k3) + 2
(
b1 − bηµ21f
) (
P
{0}
δ − µ21fP {0}η
)
PL(k1)
]
+ 2 perm. , (3.5)
where the functions SO(k2,k3, f) are given in table 1 of [14].
4 Fisher analysis
The accuracy with which a given survey can measure cosmological parameters and the degree
to which they are correlated can be estimated using the Fisher information matrix formalism.
If the likelihood surface around the peak (maximum-likelihood point) can be approximated by
a multivariate Gaussian distribution, then the Fisher matrix analysis allows us to compute the
parameter covariance matrix. The likelihood function for a general cosmological parameter
may of course not be Gaussian. Fisher forecasts are, therefore, not completely accurate and
are, in such a case, only an approximation based on the curvature matrix (Hessian) at the
peak. This issue can be resolved by probing the full parameter space using, for example,
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Markov-Chain Monte-Carlo (MCMC) sampling methods. Nevertheless, the Fisher matrix
formalism provides a good estimate of parameter uncertainties and correlations, and has
been successfully employed in examining the statistical contents of the CMB and LSS probes.
In this section we apply it to forecast constraints on cosmological parameters with observed
galaxy clustering.
The Fisher matrix is defined as the Hessian matrix of the log-likelihood, L ≡ lnL, of
galaxy clustering data in the parameter space θi,
Fij = −
〈
∂2L
∂θi∂θj
〉
. (4.1)
Using the Crame´r-Rao bound, the inverse matrix, (F−1)ij , yields an estimate of the best
possible covariance matrix (that is, the minimum uncertainty) for measurement errors on the
parameters.
Regarding the choice of cosmological parameters, there are two paths that one can follow.
The first is to consider a parameter space of cosmological models, such as smooth dark energy
scenarios described by a time-varying equation of state wde(z) parametrized in some form.
The alternative approach is to remain more model-independent and choose parameters that
are closer to the data, such as the angular diameter distance DA(z), Hubble rate H(z), and
logarithmic growth rate f(z) at some effective redshift z. These parameters have traditionally
been used in the analysis of galaxy redshift surveys, since the baryon acoustic oscillation
(BAO) feature and Alcock-Paczynski (AP) distortions allow for a fairly model-independent
measurement of DA(z) and H(z), while large-scale RSDs yield a measurement of f
2(z) times
the matter power spectrum; the amplitude of the latter is often parametrized through the
r.m.s. variation σ8 of density fluctuations smoothed with a spherical-tophat filter of radius
8h−1 Mpc, so that RSDs constrain the combination f(z)σ8(z). From here, we will suppress
any redshift dependence of cosmological parameters to avoid clutter.
In this paper we follow the second approach, with DA, H, and f forming the first three
cosmological parameters in our analysis. In order for the constraints on these to be inde-
pendent of the cosmological model, we also allow for freedom in the matter power spectrum
normalization and shape, by adding Ωc0, the CDM density parameter today, and ns and nrun,
the tilt and running of the power spectrum of primordial scalar perturbations, to our set of
parameters. We use flat ΛCDM as the background cosmology model, so varying Ωc0 corre-
sponds to changing the cosmological constant accordingly. While we keep the normalization
As of primordial curvature perturbations fixed, the amplitude of the late-time linear power
spectrum varies with Ωc0 through the linear growth factor. We will forecast the constraints
on our six cosmological parameters {DA, H, f,Ωc0, ns, nrun} after marginalizing over all bias
parameters listed in section 3 that describe galaxy clustering, specifically the power spectrum
at 1-loop order and bispectrum at tree-level. The full set of parameters θi considered here
can be found in table C3.
In the subsections below, we detail the calculation of the Fisher matrix for the galaxy
power spectrum and bispectrum. We also present details for estimating the systematic bias
– 10 –
arising from fixing a model parameter to the wrong value, or from theoretical systematics in
the modeling of the power spectrum and bispectrum.
4.1 Galaxy power spectrum contribution
In the continuum limit, the Fisher matrix for the galaxy power spectrum can be approximated
as [38]
Fij = 2pi
∫ kmax
0
d ln k
∫ 1
−1
dµ
2
∂ lnPg(k, µ)
∂θi
∂ lnPg(k, µ)
∂θj
w(k, µ) , (4.2)
where Pg(k, µ) denotes the galaxy power spectrum in eq. (3.1) and the weight function w(k, µ)
is defined as
w(k, µ) =
k3
(2pi)3
Vsurvey , (4.3)
with Vsurvey being the survey volume. Note that, in our convention, Pg includes the shot-
noise contribution via the parameter P
{0}
 . Hence, w(k, µ) simply provides the mode count
and does not contain any noise.
In appendix A we calculate the logarithmic derivatives of Pg(k, µ) with the six cos-
mological parameters we consider. When calculating the numerical derivatives, we use the
finite-difference method with step sizes of order of the final parameter constraints.
4.2 Galaxy bispectrum contribution
For the galaxy bispectrum, the Fisher matrix is given by [6]
Fij =
∑
(k1,k2,k3)
∫ 1
−1
dµ
∫ 2pi
0
dφ
1
sBVsurvey
1
Pg(k1, µ1)Pg(k2, µ2)Pg(k3, µ3)
× ∂Bg(k1,k2,k3)
∂θi
∂Bg(k1,k2,k3)
∂θj
(
3∏
i=1
ki∆ki
k2Fi
)
×
{
pi, k1 = k2 + k3
2pi, otherwise
, (4.4)
where Bg(k1,k2,k3) denotes the galaxy bispectrum in eq. (3.5). Here, sB is a symmetry factor
(6 for equilateral triangles, 2 for isosceles triangles, and 1 for other triangles), and ∆ki and
kFi = 2pi/Li are, respectively, the Fourier-space bin size and the fundamental wavenumber in
the ith direction. For simplicity, we approximate the survey volume as a cube: Li = V
1/3
survey.
Also, µ here is the cosine of the angle between the line-of-sight direction and the plane
embedding (k1,k2,k3), while φ is the angle between the line-of-sight direction projected onto
the plane and k1. Further defining α as the inner angle between k1 and k2, the parallel
components of all three vectors are given by k1‖ = k1µ cosφ, k2‖ = k2µ cos(α + φ), and
k3‖ = −k1‖ − k2‖.
Note that only the triplets (k1, k2, k3) forming a triangle contribute to the integral in
eq. (4.4); we ensure this by checking that the triangle inequality holds for the magnitudes
(k1, k2, k3). Once we have ensured that (k1, k2, k3) correspond to a triangle, we compute
– 11 –
α and, thereby, k2‖ and k3‖ needed for BLOg . We also use the following simplifications to
speed-up the calculation of Fij for the bispectrum. First, since the integrand is symmetric
under all permutations of (k1,k2,k3), we restrict the integral limits on the magnitudes to
0 ≤ k3 ≤ k2 ≤ k1 ≤ kmax, inserting a factor of 6. Second, we exploit the symmetry under
µ → −µ and φ → φ + pi, to change the limits on the µ integral to 0 to 1, multiplying the
resulting integral by a factor of 2. With these simplifications the total factor multiplying the
resulting integrals is 12.
Appendix B details the calculation of the derivatives of Bg(k1,k2,k3) for the six cosmo-
logical parameters we consider.
4.3 Parameter shifts and theoretical systematics
If one or several parameters not marginalized over in a likelihood analysis are set to incorrect
values, then the best-fit value of the remaining parameters can be systematically biased.
Systematic errors also arise when the theoretical model has a limited range of validity, which
is always the case in perturbation theory. Namely, we consider in this paper the galaxy
power spectrum at 1-loop and bispectrum at tree-level. Ignoring the next higher order, 2-
loop (1-loop) contributions to the galaxy power spectrum (bispectrum), can also give rise
to parameter shifts. The systematic bias caused by these sources can be estimated with
the Fisher matrix approach provided that the resulting systematic errors do not significantly
exceed the statistical error; see, for instance, [39–41].
To proceed, we write the full parameter vector as θ = (α,β), where β denotes the
parameters that are fixed to incorrect values during the cosmological parameter estimation.
The vector β includes, among others, coefficients that multiply the next-order perturbative
contributions. These coefficients are set to unity (zero) when the next-order perturbative
contributions are (are not) included. Another example is the selection bias parameter that is
ignored in the conventional analysis of the galaxy surveys to date.
We can model the maximum-likelihood estimator for cosmological parameters α as max-
imizing the function
L(α,β) + λ · (β − βf) , (4.5)
where L ≡ lnL is the logarithm of the likelihood function L for the full model, λ are Lagrange
multipliers, and βf are false values of the parameters β. Varying with respect to α, β, and
λ gives us three equations to solve for the maximum,
∂L
∂α
(αc,βc) = 0 ,
∂L
∂β
(αc,βc) + λc = 0 ,
βc − βf = 0 , (4.6)
where (αc,βc) designates the position of the constrained maximum likelihood, which is shifted
from the true position (αt,βt) according to
(αc,βc) = (αt + ∆α,βt + ∆β) . (4.7)
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Only the first and third equations of eq. (4.6) are useful to our purpose (the knowledge of λc
is necessary solely for the computation of ∆L). Expanding the first equation around the true
maximum gives
∂2L
∂α2
(αt,βt) ∆α+
∂2L
∂α∂β
(αt,βt) ∆β = 0 (4.8)
at first order in the parameter shifts (∆α,∆β). Since the third equation of eq. (4.6) tells us
that ∆β = βf − βt, this can also be written as
∆α = −
(
∂2L
∂α2
)−1(
∂2L
∂α∂β
)(
βf − βt
)
. (4.9)
Note that this relation remains valid to first order in the parameter shifts, whether the partial
derivatives are evaluated at the true maximum or at the constrained position. Upon defining
F ′ as the Fisher matrix of the reduced model comprised of the parameters α only, we can
express this result in the more familiar form,
∆αi = −
(
F
′−1)
ij
Gjk ∆βk . (4.10)
The matrix G has entries
Gij = − ∂
2L
∂αi∂βj
(αt,βt) ' − ∂
2L
∂αi∂βj
(αf ,βf ) , (4.11)
where again the second equality holds at first order in parameter shifts.
4.3.1 Model systematics
Consider first a generic parameter error ∆βj in the fiducial statistics. The resulting parame-
ter shifts ∆αi are all computed from eq. (4.10), but the computation of Gij differs among the
statistics. For the 1-loop galaxy power spectrum, the vector Gij∆βj is obtained upon replac-
ing in eq. (4.2) the factor
∂ lnPg(k,µ)
∂θj
with
∂ lnPg(k,µ)
∂βj
∆βj . For the tree-level galaxy bispectrum,
Gij∆βj is obtained by replacing in eq. (4.4) the factor
∂Bg(k1,k2,k3)
∂θj
with
∂Bg(k1,k2,k3)
∂βj
∆βj .
We have focused here on systematic shifts produced by fixing one parameter (of the
extended model) to an incorrect value. In principle, several parameters could be assigned
incorrect values, and the systematic shift resulting from the combination of this assignment
could be quite different. We will not consider such a possibility here.
4.3.2 Theory systematics
Consider now a higher-order contribution Pg,sys(k, µ) to the galaxy power spectrum. Taking
advantage of the similarity between Gij and Fij , the parameter shifts arising from ignoring
this term can also be written as in eq. (4.10), with the vector Gij∆βj obtained by replacing
in eq. (4.2) the factor
∂ lnPg(k,µ)
∂θj
by
Pg,sys(k,µ)
Pg(k,µ)
,
∆αi = 2pi(F
′−1)ij
∫ kmax
0
d ln k
∫ 1
−1
dµ
2
∂ lnPg(k, µ)
∂θj
Pg,sys(k, µ)
Pg(k, µ)
w(k, µ) . (4.12)
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Note that βf = 0 while βt = 1. Furthermore, F
′ is identical to F here since we are not really
considering a reduced parameter space.
We consider two neglected higher-order contributions, namely the contribution from the
2-loop matter power spectrum and higher-derivative bias,
Pg,sys(k, µ) = (b1 + µ
2f)2Pm,2−loop(k)− 2(b1 + µ2f)k4R4∗
(
1 + k2R2∗
)
PL(k) , (4.13)
where R∗ is the scale controlling the higher-derivative bias parameters. We will take R∗ =
1h−1 Mpc here. This scale equals the Lagrangian radius of halos with mass ∼ 5 × 1011M
for which the observed ratio of stellar mass to halo mass peaks. The existence of such a peak
in the ratio of stellar and halo masses is presumed to result from the efficiency of supernovae
and AGN feedback at low and high halo masses, respectively (see [42] and references therein).
Interestingly, this characteristic halo mass scale appears to vary weakly across a wide range
of redshift; see, for example, [43]. In fact, it turns out to be close to the median mass of the
dark matter halos hosting the Hα and Lyα emitters to be surveyed by Euclid, the Roman
Space Telescope, or HETDEX [44–46]. Therefore, it is a natural choice for R∗.
Similarly, parameter shifts due to a higher-order contribution Bg,sys(k1,k2,k3) to the
galaxy bispectrum are given by eq. (4.10), with the vector Gij∆βj obtained by replacing in
eq. (4.4) the factor
∂Bg(k1,k2,k3)
∂θj
with Bg,sys(k1,k2,k3). In case of the bispectrum as well we
consider two neglected contributions, namely that from the 1-loop matter bispectrum and
the leading higher-derivative bias contribution,
Bg,sys(k1,k2,k3) = (b1 + µ
2
1f)(b1 + µ
2
2f)(b1 + µ
2
3f)Bm,1−loop(k1, k2, k3)
+
[
(b1 + µ
2
1f)(b1 + µ
2
2f)k
2
3R
2
∗ + 2 perm.
]
Bm,tree(k1, k2, k3) . (4.14)
In the next section we will evaluate the parameter shifts arising from these theory system-
atics in order to determine the optimal kmax values for our power spectrum and bispectrum
analysis.
5 Results
We now present the results of our Fisher matrix analysis. We forecast constraints on the six
cosmological parameters {DA, H, f,Ωc0, ns, nrun} for three galaxy surveys: Euclid, the Roman
Space Telescope, and HETDEX. For the fiducial cosmology, we use the flat ΛCDM parameter
values in the base plikHM TTTEEE lowTEB lensing post BAO H080p6 JLA column of Planck
2015 [47, 48]: Ωb0h
2 = 0.022307, Ωc0h
2 = 0.11865, Ων0h
2 = 0.000638, ΩΛ0 = 0.69179,
h = 0.6778, ns = 0.9672, As = 2.147 × 10−9, and w = −1. To facilitate the reading of this
section, we have grouped the tables containing detailed forecasts in appendix C.
As for the galaxy bias, we consider two scenarios depending on whether selection effects
are included or not, namely,
• With selection effects: The bias parameters
bη, β∂2‖v
, b
Π
[2]
‖
, b(KK)‖ , bδη, bη2 , bδΠ[2]‖
, b
ηΠ
[2]
‖
, b(Π[2]K)‖ (5.1)
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are allowed to vary and are marginalized over (as discussed below, we do not marginalize
over b
Π
[3]
‖
). A summary of parameters and their fiducial values is given in tables C1 and
C3.
• Without selection effects: All parameters mentioned above are fixed to their fiducial
value, in particular bη = −1 and bδη = −b1. A summary of the remaining parameters
and their fiducial values is given in tables C1 and C2.
All rest-frame (non-selection) deterministic biases and stochastic amplitudes are always margi-
nalized over. In terms of cosmology, we likewise consider two scenarios,
• The full set of six cosmological parameters {DA, H, f,Ωc0, ns, nrun}, which we constrain
with the power spectrum alone and a combination of the power spectrum and bispec-
trum. Note that the power spectrum alone only yields very weak constraints on f ,
because it is sensitive mostly to the parameter combination fσ8, and σ8 depends on
Ωc0, ns, and nrun. This degeneracy is, however, broken when the bispectrum is included
(see, for example, [27, 49, 50]).
• A reduced set of three cosmological parameters {DA, H, f}, keeping Ωc0, ns, and nrun
constant, constrained with the power spectrum alone. The parameter constraints in
this scenario correspond to the conventional analysis of measuring {DA, H, fσ8} using
the combination of BAO, AP, and RSDs with the galaxy power spectrum.
5.1 Euclid
For a Euclid-like survey, we use parameter values
z = 1.4 , Vsurvey = 63h
−3 Gpc3 , ng = 5.2× 10−4 h3 Mpc−3 , b1 = 1.5 . (5.2)
In the left panel of fig. 1, we show the monopole of the linear and nonlinear galaxy power
spectrum for our fiducial parameter choices. As a rough indication of the information content
as a function of scale, the right panel shows the unmarginalized cumulative Fisher information
in the linear bias as a function of kmax. The Fisher information increases with kmax on large
scales, as the inclusion of more modes reduces cosmic variance. On small scales, on the other
hand, the Fisher information saturates due to the sparsity of the galaxy sample (shot-noise).
Note that the raw Fisher information is far from being saturated on the scales k < kmax
where our perturbative prediction for the galaxy power spectrum is trustable. We turn to
determining this kmax next.
In the Fisher analysis that follows, we choose kmax separately for the galaxy power spec-
trum and bispectrum, such that theoretical systematics in each lead to shifts of . 0.25σ in
all six cosmological parameters. We determine the shifts using eq. (4.10) and the method de-
scribed in section 4.3.2. In practice, we first consider parameter shifts due to the 2-loop and
higher-derivative bias contributions to the power spectrum. We calculate the Fisher matrix
at the fiducial values shown in tables C2 and C3, marginalizing over all bias and selection
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Figure 1. (Left) Monopole of the galaxy power spectrum at z = 1.4 using fiducial bias parameters.
The dotted horizontal line shows the expectd shot noise for a Euclid-like survey. Note that the fiducial
value of P
{0}
 is 1/ng. (Right) Unmarginalized cumulative Fisher information Fb1b1 in the linear bias
parameter b1 as a function of kmax for a Euclid-like survey.
parameters, except for the parameter b
Π
[3]
‖
for reasons explained below. The shifts at different
kmax values are shown in the left panel of fig. 2 and our criterion gives kmax = 0.35hMpc
−1 at
z = 1.4. We then adopt this value for the power spectrum and consider parameter shifts when
the 1-loop and higher-derivative bias contributions to the bispectrum are treated as theoret-
ical systematics. The resulting shifts are shown in the right panel of fig. 2; these are noisier
than those for the power spectrum and we choose a conservative value of kmax = 0.10hMpc
−1
for the bispectrum. We emphasize that, while they are determined in a systematic way, these
choices of maximum wavenumber are still to be seen as very rough approximations, as our
estimation only includes a part of the higher-order contributions. Taking into account the
full higher-order contributions would require assumptions on the values of the higher-order
bias parameters for the galaxy sample, however.
5.1.1 Cosmology constraints
Having determined kmax, we can obtain error estimates on the various bias and cosmology
parameters. We first consider constraints using only the power spectrum. As discussed above,
the power spectrum alone is not sufficient to break the f − σ8 degeneracy. We thus consider
only three of the six cosmological parameters for now: DA, H, and f ; keeping Ωc0, ns, and
nrun constant uniquely determines σ8. At z = 1.4 and for the cosmological parameters we
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Figure 2. (Left) Parameter shifts, compared to the corresponding 1σ errors, for a Euclid-like survey
when the 2-loop and higher-derivative bias contributions to the galaxy power spectrum are treated
as theoretical systematics; here we use the power spectrum alone to different kmax values and include
selection effects. (Right) Parameter shifts, compared to the corresponding 1σ errors, when the 1-loop
and higher-derivative bias contributions to the galaxy bispectrum are treated as theoretical systemat-
ics; here we use the power spectrum up to kmax = 0.35hMpc
−1 with the bispectrum up to different
kmax values and include selection effects. The horizontal lines at |∆θi| = 0.25σi show the maximum
shift allowed.
consider, the linear matter power spectrum gives σ8 = 0.422.
4 Although we could adopt
a slightly higher value of kmax than was inferred from fig. 2 since the parameter space is
reduced in the present case, we will stick to the conservative estimate kmax = 0.35hMpc
−1.
Furthermore, we set the bias parameters to the fiducial values given in table C1, which also
displays the forecasted 1σ errors when selection effects are ignored or included. In the presence
of selection effects, the bias parameters btd, bδΠ[2]‖
, b(Π[2]K)‖ , and bΠ[3]‖
are highly degenerate
with one another, with correlations reaching up to r = ±1. We therefore drop one of the
parameters, b
Π
[3]
‖
, from our analysis. Furthermore, the growth rate f is strongly correlated
(which we define as correlation coefficient |r| & 0.9) with various parameters. In particular,
we find r ≈ 1.0 with bη, which is as expected following our discussion above; further, r = 0.95
with bK2 , −0.91 with btd, −0.95 with b(KK)‖ , and 0.94 with b(Π[2]K)‖ . By contrast, in the
absence of selection effects, f is only weakly degenerate (which we define as |r| . 0.9) with
any other parameter. We also show in fig. 3 the 2D contour plots for the three cosmological
4In the spirit of using units of Mpc rather than h−1 Mpc, as recently suggested in [51], we also quote the
value σ12 = 0.417, where σ12 is the r.m.s. density variation when smoothed with a spherical-tophat filter of
radius 12 Mpc.
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Figure 3. 2D contour plots of the projected 1σ errors for a Euclid-like survey obtained using the
power spectrum alone and varying only three of the six cosmological parameters. The bigger light
blue ellipses include selection effects while the smaller dark blue ellipses ignore them. In the panels
that show bη, the horizontal 1σ error bars indicate the case where selection effects are ignored, with
bη fixed to −1.
parameters and bη in these two cases. Note that the subscripts f here indicate fiducial values.
We now turn to constraints on all six cosmological parameters and ignoring selection
effects. The fiducial values of the model parameters are given in tables C2 and C3, and the
resulting 1σ errors using the power spectrum alone and including the bispectrum are given in
table C2. With the power spectrum alone, even in the absence of selection effects, we find that
f is strongly degenerate with a few other parameters; in particular, r = −0.89 with lnDA,
−0.90 with Ωc0, 0.95 with P {0} , 0.93 with bK2 , and −0.93 with btd. Including the bispectrum
breaks all degeneracies of f and the resulting error estimates on various parameters improve by
roughly a factor of 4. Fig. 4 displays the 2D contour plots for the six cosmological parameters
in these two cases.
Lastly, we include selection effects in both the power spectrum and bispectrum. In
both cases, using the power spectrum alone or including the bispectrum, we again find that
the parameters btd, bδΠ[2]‖
, b(Π[2]K)‖ , and bΠ[3]‖
are highly degenerate with one another, with
correlations of r = ±1, and therefore drop b
Π
[3]
‖
from the analysis. The resulting 1σ errors
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Figure 4. 2D contour plots of the projected 1σ errors for a Euclid-like survey when selection effects
are ignored. The bigger light blue ellipses use the power spectrum alone while the smaller dark blue
ellipses use both the power spectrum and bispectrum.
can be found in table C3. In the presence of selection effects, f is strongly-correlated with
various bias parameters. Using solely the power spectrum, we again find r ≈ 1.0 with bη,
while r = 0.95 with bK2 , −0.94 with btd, −0.96 with b(KK)‖ , and 0.95 with b(Π[2]K)‖ . Upon
including the bispectrum most of these degeneracies are broken except that with bη, with
which f has a correlation coefficient r = 0.99.
In fig. 5, we show the 2D contour plots for the six cosmological parameters and bη in these
– 19 –
two cases. While bη and f are still highly degenerate even when including the bispectrum,
we find that interesting constraints on f can nevertheless be placed even after marginalizing
over bη. As discussed above, the second-order displacement terms which have a characteristic
shape dependence in the bispectrum allow for individual constraints on RSDs and selection
effects, albeit not at the same level as would be possible without selection contributions.
In fig. 6, we compare the errors obtained using both the power spectrum and bispectrum
when selection effects are ignored (table C2, fig. 4) or included (table C3, fig. 5).
Fig. 7 summarizes the main results of this subsection – projected errors on the six cos-
mological parameters – in the different cases studied above.
5.1.2 Parameter shifts due to selection effects
We have seen that marginalizing over selection effects can significantly degrade cosmological
constraints from galaxy clustering, especially if they are solely inferred from the galaxy power
spectrum. We will now assess the extent to which cosmological parameters shift if the selection
bias parameters are fixed to incorrect values. This can be calculated using eq. (4.10) and the
method described in section 4.3.1. Table C4 summarizes the parameter shifts when selection
effects are ignored, that is the selection bias parameters are set to the fiducial values given in
table C3 but not marginalized over. For illustration, we assume that bη differs from its true
value by 1%, so that bη,true = −0.99 instead of −1.0. We also report the parameter shifts (in
case of no selection effects) when btd is fixed to a value that differs from its true value by 10%,
so that btd,true = 0.9 × (23/42)(b1 − 1) instead of (23/42)(b1 − 1). We see that an incorrect
estimate of bη at the 1% level affects parameter constraints significantly more than a wrong
value of btd at the 10% level, the most notable shifts being in f . Specifically, we find that
a fixed bη differing from the true value by ∼ 4% leads to a 1σ shift in the estimated growth
rate for Euclid when using the power spectrum alone. Upon including the bispectrum, even a
∼ 1% difference in bη leads to a 1σ shift. All of these results are conveniently summarized in
fig. 8. This demonstrates that selection effects need to either be controlled at the few-percent
level or marginalized over.
5.2 Roman Space Telescope
For a Roman Space Telescope-like survey, we adopt z = 1.465, Vsurvey = 6.363h
−3 Gpc3,
and ng = 2.577 × 10−3 h3 Mpc−3, corresponding to the Hα-emitting galaxies. Compared to
Euclid, this survey is centered at the same redshift, albeit with a volume that is 10 times
smaller and a number density 5 times larger. For b1 and other bias parameters, we choose the
same fiducial values as those adopted for the Euclid-like survey in the previous subsection.
For the cosmological parameters, we find the fiducial values DA = 1.21× 103 h−1 Mpc, H =
230h km s−1 Mpc−1, and f = 0.926 for the cosmological model considered here. Further, the
linear matter power spectrum gives σ8 = 0.412.
5
5The corresponding value of σ12 is 0.407.
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Figure 5. 2D contour plots of the projected 1σ errors for a Euclid-like survey when selection effects
are included. The bigger light blue ellipses use the power spectrum alone while the smaller dark blue
ellipses use both the power spectrum and bispectrum.
We determine kmax for the galaxy power spectrum and bispectrum data as before, de-
manding that theoretical systematics induce shifts no larger than 0.25σ in all six cosmo-
logical parameters. This criterion gives kmax = 0.60hMpc
−1 for the power spectrum and
0.13hMpc−1 for the bispectrum. The higher value of kmax is due to the generally larger
statistical errors on cosmological parameters for Roman, so that larger absolute parameter
shifts can be accommodated.
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Figure 6. 2D contour plots of the projected 1σ errors for a Euclid-like survey obtained using both
the power spectrum and bispectrum. The bigger light blue ellipses include selection effects while the
smaller dark blue ellipses ignore them. In the panels that show bη, the horizontal 1σ error bars indicate
the case where selection effects are ignored, with bη fixed to −1.
We can now obtain the error estimates for various bias and cosmological parameters. We
consider first constraints with the power spectrum alone, and varying only three of the six
cosmological parameters, DA, H, and f , keeping Ωc0, ns, and nrun fixed. In the absence
of selection effects, we find that the growth rate f , in particular, is not strongly degenerate
with any other parameter. In the presence of selection effects, however, it is again strongly
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Figure 7. Summary of projected 1σ errors on the six cosmological parameters in various cases for a
Euclid-like survey.
correlated with bη, with r = 0.99. The qualitative behavior of the errors is similar to the
outcomes for the Euclid-like survey. Therefore, we do not show similar tables and contour
plots for the Roman Space Telescope, but instead summarize the main results for the six
cosmological parameters in fig. 9.
Next, we investigate constraints on all six cosmological parameters in the absence of
selection effects. With the power spectrum alone, we find that f is strongly degenerate with
a few other parameters; in particular, r = −0.94 with lnDA, −0.92 with Ωc0, and 0.92
with P
{0}
 . Including the bispectrum breaks all degeneracies of f and the resulting error
estimates on model parameters improve by roughly a factor of 3. The uncertainties on the
six cosmological parameters are shown in fig. 9.
Lastly, we include selection effects in both the power spectrum and bispectrum. In this
case, f is strongly correlated with a number of bias parameters. Using the power spectrum
alone we find r = −0.89 with β∇2v, 0.89 with bK2 , and 0.99 with bη. Upon including the
bispectrum, most of these degeneracies are broken except that with bη, with which f now has
r = 0.96. The corresponding errors on the six cosmological parameters are also shown in fig.
9.
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Figure 8. Systematic shifts in cosmological parameters, compared to the corresponding 1σ errors,
for a Euclid-like survey when (upper two bars in each panel) bη is fixed to a value that differs from its
true value by 1%, and no selection effects are included otherwise; and (lower two bars) btd is fixed to
a value that differs from its true value by 10% (and no selection effects are included). In each case,
we show the results expected for power spectrum only and the combination of power spectrum and
bispectrum.
5.3 HETDEX
For a HETDEX-like survey, we use the survey parameters z = 2.7, Vsurvey = 3.492h
−3 Gpc3,
and ng = 3.436×10−4 h3 Mpc−3, with b1 = 2.5. For the remaining bias parameters, we adopt
fiducial values identical to those for Euclid and the Roman Space Telescope. The survey mean
redshift implies the fiducial values DA = 1.14 × 103 h−1 Mpc, H = 404h km s−1 Mpc−1, and
f = 0.977 for the cosmological parameters. Furthermore, the linear matter power spectrum
gives σ8 = 0.279.
6
An analysis similar to that carried out in the previous subsections leads to kmax '
0.87hMpc−1 and 0.20hMpc−1 for the galaxy power spectrum and bispectrum respectively.
These significantly higher values of kmax are expected for HETDEX, since the much higher
redshift increases the reach of perturbation theory, and since the larger statistical error bars
of HETDEX (due to the smaller volume) allow for larger absolute shifts. The wide range in
6The corresponding value of σ12 is 0.276.
– 24 –
� � � �
�� + ��� � ����� ���� ����
��� � ����� ���� ����
��� � ����� �� ����
��� � ����� �� ����
σ(�� ��) [%] ��� ��� ��� ��� ��� ���σ(�� �) [%] ���� ���� ����σ( � )
�����
���� ���� ���� ����
�� + ��� � ����� ���� ����
��� � ����� ���� ����
��� � ����� �� ����
σ(Ω���) ���� ���� ���� ���� ����σ(��) ���� ���� ���� ���� ����σ(����)
Figure 9. Summary of the projected 1σ errors on the six cosmological parameters in various cases
for a Roman Space Telescope-like survey.
wavenumber also results in fewer degeneracies between the six cosmological parameters and
various nonlinear bias parameters, as we will see shortly.
We begin again with constraints from the power spectrum alone, varying only three of
the six cosmological parameters, DA, H, and f , while Ωc0, ns, and nrun are held fixed. In the
absence of selection effects, the growth rate f , in particular, is not strongly degenerate with
any other parameter. In the presence of selection effects however, it does correlate strongly
with a couple of parameters; we find r ≈ 1.0 with bη, and 0.90 with b(Π[2]K)‖ . The qualitative
behavior of the errors is, again, similar to that found for Euclid. We summarize the main
results for the six cosmological parameters in fig. 10.
When all six cosmological parameters are simultaneously fitted for, and ignoring selection
effects, we find that using either the power spectrum alone or including the bispectrum, f is
not strongly degenerate with any other parameter. Including the bispectrum improves error
estimates on the model parameters by roughly a factor of 4. The errors on the six cosmological
parameters are shown in fig. 10.
Finally, when selection effects are included in both the power spectrum and bispectrum,
f strongly correlates only with bη. Using the power spectrum alone yields r = 0.99, whereas
including the bispectrum gives r = 0.98. The corresponding errors on the six cosmological
parameters are also shown in fig. 10.
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Figure 10. Projected 1σ errors on the six cosmological parameters in various cases for a HETDEX-like
survey.
6 Conclusions
In order to extract the maximum amount of information from current and upcoming galaxy
surveys, it is crucial to correctly model the nonlinear growth of structure. While the leading-
order power spectrum alone is insufficient to break parameter degeneracies such as that be-
tween f and σ8, higher-order perturbative contributions and higher-order statistics such as
the bispectrum can help in doing so. Modeling the nonlinear regime, however, requires ad-
ditional parameters beyond the linear bias and shot-noise amplitude, such as higher-order
and higher-derivative bias parameters. In this paper we have studied the constraints on cos-
mological parameters in a comprehensive model of nonlinear bias which includes all these
terms. We focused in particular on the line-of-sight dependent selection effects [14], which
had not been included in forecast studies previously. We assessed the amount of additional
cosmological information that can be extracted from the galaxy bispectrum relative to a sim-
ple power-spectrum only analysis, as in [52–54], while attempting to self-consistently exclude
scales k > kmax that are affected by even higher-order corrections.
In particular, we obtained Fisher constraints on the six cosmological parameters {DA, H,
Ωc0, f, ns, nrun} using the 1-loop galaxy power spectrum and the tree-level galaxy bispectrum.
We introduced a self-consistent method to determine the maximum wavenumber kmax to be
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Figure 11. Summary of projected 1σ errors on the six cosmological parameters in various cases for
all three surveys.
used in error forecasts, from the requirement that parameter shifts that arise from ignoring
the next-order correction in perturbation theory are less than a given fraction of the statistical
errors. In fig. 11, we summarize our results in the different cases considered, using the power
spectrum alone or including the bispectrum and with or without selection effects, for three
surveys: Euclid, the Roman Space Telescope, and HETDEX.
Our three survey configurations qualitatively yield similar results. Let us summarize the
main takeaway points for a Euclid-like survey:
• In the classic, three-parameter power spectrum-only analysis, allowing for selection
effects increases the error in f (equivalently fσ8) by about a factor of 80 due to the
perfect degeneracy between the selection bias bη and the linear-order RSD contribution.
The errors on lnDA and lnH, on the other hand, increase by 25− 35%.
• Upon expanding the cosmological parameters space from three to six, the error on f
increases by a factor of two in the absence of selection effects. Further including selection
effects results in the loss of any constraining power on f as the error becomes of the
order of f itself.
• Including the bispectrum breaks the degeneracy between f and σ8, thanks to second-
order displacement terms. In the absence of selection effects, the error on f shrinks by
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roughly a factor of 4.
• The bispectrum also breaks the degeneracy between f and selection effects. If one
allows for all selection bias terms to be free, then the constraint on f is at the 10%
level, a factor of 14 times worse than the combined power spectrum and bispectrum
analysis in the absence of selection effects, albeit only around 3 times worse than the
power spectrum-only analysis without selection effects.
• Fixing selection bias parameters to incorrect values can lead to biased constraints on
cosmological parameters. In particular, if bη is fixed, then a few-percent systematic
error in this parameter can cause a 1σ shift in the estimated value of f .
Our precise numerical results should be taken with a bit of skepticism as is usual with
Fisher forecasts. Moreover, while our determination of kmax is in principle self-consistent, it
is only a rough approximation as we do not have prior knowledge on the relevant higher-order
bias parameters. There are also a number of caveats regarding our Gaussian and diagonal co-
variance approximation (albeit using a nonlinear power spectrum) with white noise. First, we
have ignored correlations among modes that arise from sparse sampling or, simply, the survey
window function. These can lead to the breaking of the Gaussian likelihood approximation
[55]. Second, there are non-Gaussian contributions to the power spectrum covariance (which
involves the trispectrum) and bispectrum covariance (which involves connected n-point func-
tions up to the 6-point function). These will also generate off-diagonal contributions to the
covariance. For the survey configurations considered here however, recent studies [56, 57]
suggest that the covariance of power spectrum multipoles on weakly nonlinear scales is domi-
nated by shot-noise and super-survey mode coupling rather than non-Gaussian terms. Third,
one should also take into account the cross-covariance between the power spectrum and the
bispectrum. Note, however, that this effect was found to be small in the Fisher matrix analysis
of [53].
Our forecast for the constraining power of the galaxy bispectrum in the case of a Euclid-
like survey is significantly more optimistic than that of [53] despite the fact that we adopted a
similar kmax for the bispectrum. In particular, we find that combining the two statistics (Pg+
Bg) substantially improves constraints on the cosmological parameters even when selection
effects are included. The reason for this discrepancy presumably lies in the fact that [53] split
the surveyed volume into 14 redshift bins, each with an independent set of bias parameters,
leading to a total of 56 bias parameters (which do not even fully characterize the galaxy power
spectrum at one-loop) to be marginalized over. In our opinion, this approach is likely too
conservative since it is physically expected that the bias parameters evolve smoothly across the
surveyed redshift range. In this regard, it may be more appropriate to consider a parametric
approach that takes into account the expected continuity of the redshift dependence of the
galaxy bias parameters. On the other hand, we have only considered a single set of bias
parameters here. The realistic case will thus be a compromise between these two extremes.
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Let us also stress that compression methods, such as those proposed in, for example, [58–60],
could be applied to the data in order to optimize the extraction of cosmological information.
Our results show that a careful control of selection biases (which were not taken into
account in the Fisher forecasts of [52–54]) is crucial. Ignoring selection effects is not an
option for Stage-IV galaxy redshift surveys and some form of marginalization over selection
bias parameters is likely necessary. This will, in turn, directly impact constraints on f or
fσ8. Including the bispectrum, however, helps in recovering a significant fraction of the
cosmological information by breaking parameter degeneracies, in particular thanks to the
second-order displacement terms that are protected by the equivalence principle.
The Fisher code used for the results in this paper is available at this URL.
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A Derivatives ∂ lnPg/∂θi in eq. (4.2)
In this appendix we consider the derivatives that appear in the Fisher analysis, eq. (4.2).
We compute logarithmic derivatives of the galaxy power spectrum Pg(k, µ) in eq. (3.1) with
respect to the six cosmological parameters {DA, H,Ωc0, f, ns, nrun}; those with the remaining
parameters that describe galaxy clustering are straightforward to calculate from eqs. (3.1) to
(3.4). The derivatives with lnDA and lnH are calculated in a two-step process and using
k2 =
(
Hf
H
)2
k2true,‖ +
(
DA
DA,f
)2
k2true,⊥, where k is the observed wavenumber for fiducial values
DA,f and Hf , ktrue is the true wavenumber for the parameters DA and H, and parallel and
perpendicular are defined according to the line-of-sight direction [61]. All derivatives are
calculated with respect to the cosmological parameters and at the point that they equal the
fiducial values. We find that
∂ lnPg(k, µ)
∂ lnDA
=
∂ lnPg(k, µ)
∂ ln k
∂ ln k
∂ lnDA
+
∂ lnPg(k, µ)
∂µ2
∂µ2
∂ lnDA
, (A1)
∂ lnPg(k, µ)
∂ lnH
=
∂ lnPg(k, µ)
∂ ln k
∂ ln k
∂ lnH
+
∂ lnPg(k, µ)
∂µ2
∂µ2
∂ lnH
, (A2)
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with
∂ ln k
∂ lnDA
= 1− µ2 , (A3)
∂µ2
∂ lnDA
= −2µ2(1− µ2) , (A4)
∂ ln k
∂ lnH
= −µ2 , (A5)
∂µ2
∂ lnH
= −2µ2(1− µ2) . (A6)
We also need
∂ lnPg(k, µ)
∂ ln k
= neff(k, µ) , (A7)
∂ lnPg(k, µ)
∂µ2
=
1
Pg(k, µ)
[
− 2bηf
(
b1 − bηµ2f
)
PL(k) + 2
{
bηf(b∇2δ + b1β∇2v
+ 2b1β∂2‖v
µ2)− b2ηµ2f2
(
2β∇2v + 3β∂2‖vµ
2
)}
k2PL(k) + bηk
2P {2}εη
+
4∑
n=0
∑
(m,p)
Anmp(f, {bO}2−2)Imp(k)nµ2(n−1)
+ 2
{
3∑
l=0
5∑
n=1
C1−3,`n (f, {bO}2−2)In(k)
dL2`(µ)
dµ2
}
PL(k)
]
, (A8)
where we have defined an effective spectral index neff(k, µ),
neff(k, µ) =
1
Pg(k, µ)
[ (
b1 − bηµ2f
)2
PL(k)nL(k)
− 2
{
b1b∇2δ − bηµ2f
(
b∇2δ + b1β∇2v + b1β∂2‖vµ
2
)
+ b2ηµ
4f2
(
β∇2v + β∂2‖vµ
2
)}
k2PL(k){2 + nL(k)}+ 2k2P {2} + 2bηµ2k2P {2}εη
+
4∑
n=0
∑
(m,p)
Anmp(f, {bO}2−2)Imp(k)nmp(k)µ2n
+ 2
{
3∑
l=0
5∑
n=1
C1−3,`n (f, {bO}1−3)In(k)L2`(µ)
}
PL(k)nL(k)
+ 2
{
3∑
l=0
5∑
n=1
C1−3,`n (f, {bO}1−3)In(k)nn(k)L2`(µ)
}
PL(k)
]
, (A9)
with nL(k) =
∂ lnPL(k)
∂ ln k , nmp(k) =
∂ ln Imp(k)
∂ ln k , and nn(k) =
∂ ln In(k)
∂ ln k . We calculate the deriva-
tive with Ωc0 numerically, using
∂ lnPg(k, µ)
∂Ωc0
=
1
Pg(k, µ)
∆Pg(k, µ)
∆Ωc0
, (A10)
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Figure 12. Derivatives of the galaxy power spectrum with µ = 0.5 for a Euclid-like survey.
where ∆Pg(k, µ) is the difference of Pg(k, µ) for values of Ωc0 slightly above and below the
fiducial value. We modify ΩΛ0 accordingly as we change Ωc0 to keep the Universe flat. Note
that Ωc0 enters through the growth factor, growth rate, linear matter power spectrum PL(k),
and loop integrals Imp(k) and In(k). The next derivative, with f , is given by
∂ lnPg(k, µ)
∂f
=
1
Pg(k, µ)
[
− 2bηµ2
(
b1 − bηµ2f
)
PL(k)
+ 2
{
bηµ
2
(
b∇2δ + b1β∇2v + b1β∂2‖vµ
2
)
+ 2b2ηµ
4f
(
β∇2v + β∂2‖vµ
2
)}
k2PL(k)
+
4∑
n=0
∑
(m,p)
∂Anmp(f, {bO}2−2)
∂f
Imp(k)µ2n
+ 2
{
3∑
l=0
5∑
n=1
∂C1−3,`n (f, {bO}1−3)
∂f
In(k)L2`(µ)
}
PL(k)
]
, (A11)
and lastly the derivatives with ns and nrun are also calculated numerically, analogous to the
derivative with Ωc0 in eq. (A10). Note that ns and nrun only enter through the linear matter
power spectrum PL(k) and loop integrals Imp(k) and In(k).
As an example, we show how the derivatives of the power spectrum with respect to the
six cosmological parameters and b1 and bη vary with k for an arbitrary value of µ = 0.5 for
a Euclid-like survey in fig. 12. The small-scale power is expected to break various parameter
degeneracies.
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B Derivatives ∂Bg/∂θi in eq. (4.4)
In this appendix we consider the derivatives that appear in the Fisher analysis, eq. (4.4). We
compute derivatives of the galaxy bispectrum Bg(k1,k2,k3) in eq. (3.5) with respect to the six
cosmological parameters {DA, H,Ωc0, f, ns, nrun}; those with the remaining parameters that
describe galaxy clustering are straightforward to calculate from eq. (3.5). The derivatives
with lnDA and lnH are calculated in a two-step process as we did for the galaxy power
spectrum in appendix A [62]. We find that
∂Bg(k1,k2,k3)
∂ lnDA
=
3∑
i=1
(
ki
∂Bg
∂ki
∂ ln ki
∂ lnDA
+
∂Bg
∂µi
∂µi
∂ lnDA
)
, (B1)
∂Bg(k1,k2,k3)
∂ lnH
=
3∑
i=1
(
ki
∂Bg
∂ki
∂ ln ki
∂ lnH
+
∂Bg
∂µi
∂µi
∂ lnH
)
, (B2)
with
∂ ln ki
∂ lnDA
= 1− µ2i , (B3)
∂µi
∂ lnDA
= −µi(1− µ2i ) , (B4)
∂ ln ki
∂ lnH
= −µ2i , (B5)
∂µi
∂ lnH
= −µi(1− µ2i ) . (B6)
Note that we take partial derivatives with all six parameters, k1, k2, k3, µ1, µ2, and µ3, one
at a time while keeping the other five fixed, even though they are not all independent. Before
taking the derivatives we need to replace, for example, µ23 inside SO(k2,k3, f) in eq. (3.5)
with
(
k21 − k22 − k23
)
/(2k2k3). The derivatives ∂Bg/∂ki and ∂Bg/∂µi are then straightforward
to calculate from eq. (3.5), where we also set ∂PL(ki)/∂ki = PL(ki)nL(ki). We calculate the
derivative with Ωc0 numerically, using
∂Bg(k1,k2,k3)
∂Ωc0
=
∆Bg(k1,k2,k3)
∆Ωc0
, (B7)
where ∆Bg(k1,k2,k3) is the difference of Bg(k1,k2,k3) for values of Ωc0 slightly above and
below the fiducial value. We modify ΩΛ0 accordingly as we change Ωc0 to keep the Universe
flat. Note that Ωc0 enters through the growth factor, growth rate, and linear matter power
spectrum PL(k). The next derivative, with f , is given by
∂Bg(k1,k2,k3)
∂f
= −2bη
[
µ22
(
b1 − bηµ23f
)
+ µ23
(
b1 − bηµ22f
)] ∑
{bO}2−2
bOSO(k2,k3, f)
× PL(k2)PL(k3) + 2
(
b1 − bηµ22f
) (
b1 − bηµ23f
) ∑
{bO}2−2
bO
∂SO(k2,k3, f)
∂f
PL(k2)PL(k3)
− 2bηµ21P {0}δ PL(k1)− 2
(
b1 − 2bηµ21f
)
µ21P
{0}
η PL(k1) + 2 perm. , (B8)
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and lastly the derivatives with ns and nrun are also calculated numerically, analogous to the
derivative with Ωc0 in eq. (B7). Note that ns and nrun only enter through the linear matter
power spectrum PL(k).
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C Forecast details: Euclid
1σ error
Parameter Fiducial value Pg [No selection] Pg [With selection]
b1 1.5 0.0122 0.0332
b∇2δ
[
h−2 Mpc2
] −1 1.78 6.62
β∇2v
[
h−2 Mpc2
]
1 1.53 19.1
P
{0}

[
h−3 Mpc3
]
1/ng 0.131n
−1
g 0.330n
−1
g
P
{2}

[
h−5 Mpc5
]
0 8.83× 10−4 n−5/3g 2.22× 10−3 n−5/3g
P
{2}
εη
[
h−5 Mpc5
]
0 5.45× 10−4 n−5/3g 4.25× 10−3 n−5/3g
b2 −0.69 0.577 6.19
bK2 −0.14 0.651 20.6
btd (23/42)(b1 − 1) 1.41 51.9
bη −1 – 0.950
β∂2‖v
[
h−2 Mpc2
]
0 – 5.56
b
Π
[2]
‖
0 – 2.88
b(KK)‖ 0 – 39.1
bδη −b1 – 10.3
bη2 1 – 5.53
b
δΠ
[2]
‖
0 – 7.60
b
ηΠ
[2]
‖
0 – 39.5
b(Π[2]K)‖ 0 – 86.7
b
Π
[3]
‖
0 – –
lnDA [%] DA = 1.21× 103 h−1 Mpc 0.197 0.266
lnH [%] H = 222h km s−1 Mpc−1 0.252 0.309
f 0.921 0.0108 0.883
Table C1. Fiducial values and projected uncertainties for a Euclid-like survey using the power
spectrum alone when selection effects are ignored, that is all selection bias parameters are set to the
fiducial values given here but not marginalized over, and when selection effects are included.
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1σ error
Parameter Fiducial value Pg Pg +Bg
b1 1.5 0.0213 9.29× 10−3
b∇2δ
[
h−2 Mpc2
] −1 2.15 0.809
β∇2v
[
h−2 Mpc2
]
1 2.09 0.609
P
{0}

[
h−3 Mpc3
]
1/ng 0.289n
−1
g 0.0359n
−1
g
P
{2}

[
h−5 Mpc5
]
0 9.97× 10−4 n−5/3g 4.19× 10−4 n−5/3g
P
{2}
εη
[
h−5 Mpc5
]
0 6.00× 10−4 n−5/3g 5.19× 10−4 n−5/3g
b2 −0.69 0.769 0.0613
bK2 −0.14 1.19 0.0244
btd (23/42)(b1 − 1) 2.57 0.191
B
{0}

[
h−6 Mpc6
]
(1/ng)
2 – 0.881n−2g
P
{0}
δ
[
h−3 Mpc3
]
2b1/ng – 0.138n
−1
g
P
{0}
η
[
h−3 Mpc3
]
0 – 0.0667n−1g
lnDA [%] DA = 1.21× 103 h−1 Mpc 0.860 0.342
lnH [%] H = 222h km s−1 Mpc−1 0.818 0.295
Ωc0 0.258 0.0101 3.26× 10−3
f 0.921 0.0257 6.60× 10−3
ns 0.967 0.0288 0.0121
nrun 0 0.0167 8.28× 10−3
Table C2. Fiducial values and projected uncertainties for a Euclid-like survey ignoring selection
effects, that is setting all selection bias parameters to the fiducial values given in table C3 but not
marginalizing over them.
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1σ error
Parameter Fiducial value Pg Pg +Bg
b1 1.5 0.146 0.0113
b∇2δ
[
h−2 Mpc2
] −1 8.86 1.81
β∇2v
[
h−2 Mpc2
]
1 25.1 7.65
P
{0}

[
h−3 Mpc3
]
1/ng 1.10n
−1
g 0.0540n
−1
g
P
{2}

[
h−5 Mpc5
]
0 2.74× 10−3 n−5/3g 1.05× 10−3 n−5/3g
P
{2}
εη
[
h−5 Mpc5
]
0 4.89× 10−3 n−5/3g 3.01× 10−3 n−5/3g
b2 −0.69 7.62 0.0925
bK2 −0.14 30.5 0.0278
btd (23/42)(b1 − 1) 67.6 7.35
bη −1 1.16 0.108
β∂2‖v
[
h−2 Mpc2
]
0 5.98 3.13
b
Π
[2]
‖
0 3.65 0.0744
b(KK)‖ 0 52.8 0.148
bδη −b1 11.7 0.175
bη2 1 5.91 0.190
b
δΠ
[2]
‖
0 8.78 3.93
b
ηΠ
[2]
‖
0 51.4 15.5
b(Π[2]K)‖ 0 99.6 15.8
b
Π
[3]
‖
0 – –
B
{0}

[
h−6 Mpc6
]
(1/ng)
2 – 1.04n−2g
P
{0}
δ
[
h−3 Mpc3
]
2b1/ng – 0.167n
−1
g
P
{0}
η
[
h−3 Mpc3
]
0 – 0.224n−1g
lnDA [%] DA = 1.21× 103 h−1 Mpc 2.17 0.359
lnH [%] H = 222h km s−1 Mpc−1 1.81 0.379
Ωc0 0.258 0.0235 3.50× 10−3
f 0.921 1.08 0.0899
ns 0.967 0.0874 0.0177
nrun 0 0.0791 0.0115
Table C3. Fiducial values and projected uncertainties for a Euclid-like survey including selection
effects. Among the cosmological parameters, the constraints on f degrade most, by about a factor
of 14 in the case of the combined power spectrum and bispectrum analysis. For the power spectrum
only, the inclusion of selection effects removes all constraining power on f .
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Shift, |∆θi|/σi Shift, |∆θi|/σi
Parameter ∆bη/bη = 1% ∆btd/btd = 10%
Pg Pg +Bg Pg Pg +Bg
b1 0.0172 0.117 0.0182 0.227
b∇2δ
[
h−2 Mpc2
]
0.0840 0.107 8.05× 10−3 0.142
β∇2v
[
h−2 Mpc2
]
0.130 0.0474 0.0164 0.0880
P
{0}

[
h−3 Mpc3
]
0.0684 0.0660 0.0661 0.0779
P
{2}

[
h−1 Mpc
]
0.0537 0.177 2.31× 10−3 0.114
P
{2}
εη
[
h−1 Mpc
]
0.0157 0.0522 1.10× 10−3 0.0112
b2 0.156 0.203 0.0160 0.0505
bK2 0.0974 0.0146 0.117 0.0849
btd 0.0864 0.103 – –
B
{0}

[
h−6 Mpc6
]
– 0.0704 – 5.88× 10−3
P
{0}
δ
[
h−3 Mpc3
]
– 0.156 – 0.0479
P
{0}
η
[
h−3 Mpc3
]
– 0.217 – 0.0438
lnDA 0.0336 0.0440 0.0138 0.0133
lnH 0.0503 0.0734 0.0128 0.0319
Ωc0 0.0466 0.0445 0.0152 0.0307
f 0.270 1.23 0.0266 0.0191
ns 0.137 0.130 0.0123 0.0954
nrun 0.107 0.168 9.45× 10−4 0.101
Table C4. (Columns 2 – 3) Parameter shifts, compared to the corresponding 1σ errors, for a Euclid-
like survey when selection effects are ignored and bη differs from its true value by 1%. (Columns 4 – 5)
Parameter shifts when selection effects and btd are ignored and btd differs from its true value by 10%.
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